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SUMMARY 

Results of random-loading fatigue tests on 145 notched cantilever- 

The fatigue lives for the two sets of results are 
beam specimens and constant-amplitude fatigue tests on 75 similar speci- 
mens are presented. 
compared at equal root-mean-square values of peak stresses. 
on this basis, fatigue life was shorter for the random loading than for 
the constant-amplitude loading. 
results is also made with theoretical results which are based on the 
assumption of linear cumulative fatigue damage. 
overestimate the fatigue life over the range of stresses considered. 

Compared 

A comparison of the random-loading 

The theoretical results 

INTRODUCTION 

Fatigue failure of structural components subjected to random loadings 
represents one of the critical problems encountered in high-performance 
aircraft and missiles. 
buffeting loads, runway-roughness loads, and acoustic loads in the noise 
fields of jet and rocket engines. These types of loading are character- 
ized by continuous frequency spectrums, and such loadings may produce a 
repetition of stress peaks of sufficient magnitude to cause fatigue damage. 
There is particular danger of fatigue failure if the structural charac- 
teristics are such that a natural frequency occurs in a region where the 
loading spectrum has appreciable magnitude. 

Random loadings encountered may include gust loads, 

In the past, several experimental investigations have been conducted 
under loading schedules which are simplified approximations to the loading 
histories of various random loadings. 
Actual random loadings were used in the experimental investigations of 
references 9 and 10, in which the fatigue properties under random and 
constant-amplitude loadings were investigated and compared for 2024-T3 

(See, for example, refs. 1 to 8.) 
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and 7075-6 aluminum alloys, respectively. 
notched cantilever beams were tested in bending by applying the load at 
the tip. 
random loading based upon Miner's rule for cumulative damage (ref. 11). 
In the present paper results of a similar experimental investigation are 
presented for Sp;6 4130 steel specimens along with the calculated result 
for  random loading. 
mental investigation and the method of calculation of theoretical results 
were the same as those used in reference 10. 

In these investigations 

These papers also present calculated theoretical results for 

The equipment and test procedure used for the experi- 

SYMBOLS 

f O  

n 

N 

R 

tf 

(5 

=P 

resonant frequency of system, cps 

number of cycles at a given stress level 

number of cycles to failure 

radius 

time to failure, sec 

stress, psi or ksi 

peak stress, psi or ksi 

EXPERIMENTAL INVESTIGATION 

The notched cantilever specimens used in this investigation were 
machined according to the dimensions shown in figure 1. 
shown here are nominal; the actual dimensions used for computing section 
properties were measured for each specimen to the nearest 0.001 inch 
before testing. 
elastic stress-concentration factor of 7.25 for an aAially loaded 
specimen. 

The dimensions 

The notched configuration corresponds to a theoretical 

The specimens were machined from 3/16-inch SAE 4130 normalized steel 
sheets. 
on the top and bottom surfaces after machining in order to remove sheet 
surface inperfections. Metallurgical examination indicated that the long: 
tudinal axis of the specimen was transverse to the direction of rolling 
of the sheets. 

A light surface grinding in the longitudinal direction was used 
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Test Equipment and Procedure 

Random loading.- The equipment and t e s t  procedure employed i n  re fer -  
ence 10 was used fo r  the present random-loading fa t igue  invest igat ion.  
A schematic diagram of the  equipment i s  shown i n  figure 2. 

The random force applied t o  the  specimen i n  these tests w a s  obtained 
from a tape recording of the noise produced by a 2-inch subsonic cold a i r  
j e t .  
noise.  
modulation system so t h a t  w e a r  of the magnetic tape would not a f f e c t  the 
magnitude of the force applied t o  the specimen. 
j e t  was used t o  obtain the random-force s i g n a l ,  an equivalent power spec- 
trum of stress response could have been obtained from other types of 
random-force inputs provided that they had reasonably f la t  spectra  i n  the 
v i c i n i t y  of the na tura l  frequency of the specimen configuration and no 
la rge  peaks i n  the other frequency ranges. 

The recording consisted of repeti t ions of a 6.4-second sample of the  
In  t h i s  recording, the  force signal was recorded by a frequency 

Although the cold air 

The equipment used t o  apply the random force t o  the  specimen i s  
shown i n  figure 2(a) .  In  t h i s  equipment the force signal,  obtained by 
demodulation of the playback of the  frequency-modulated tape recording, 
was amplified and fed in to  an electromagnetic shaker which applied the 
load t o  the  specimen. 
t r o l l e d  a t  the amplifier.  
the t i m e  t o  failure. 

The amplification of the force s igna l  w a s  con- 
A t i m e r  was included i n  the c i r c u i t  t o  measure 

The equipment shown i n  figure 2(b) was used t o  measure and record 
the  current i n  the shaker dr ive c o i l  (proportional t o  the force applied 
t o  the  shaker dr ive c o i l )  and the  output of a s t r a i n  gage mounted on the 
specimen. These force and s t r a i n  s ignals  were amplified and read on a 
root-mean-square thermocouple meter and were also recorded on magnetic 
tape.  
the  meter and tape recorder. 
t o r  the  force and s t r a i n  s ignals .  

Provision w a s  a lso made t o  apply a known ca l ibra t ion  s igna l  t o  
A cathode-ray oscillograph w a s  used t o  moni- 

Each specimen was clamped i n  support blocks, between p l a s t i c  shims, 
which were inser ted  t o  re l ieve  e f f ec t s  of stress concentration a t  the  
gr ip .  
t i p  of t he  specimen by a f l ex ib l e  connector which eliminated tors iona l  
and longi tudinal  loads. 
of the specimen with the  shaker attached was about 123 cps. 

(See figs. 1 and 3 . )  The shaker drive c o i l  w a s  connected t o  the 

(See f i g .  3 .  ) The fundamental na tura l  frequency 

I n  this p a r t  of the investigation, 145 specimens w e r e  tested t o  
failure a t  various leve ls  of root-mean-square stress. 
loading applied i n  t h i s  invest igat ion the mean stress i s  zero. 
start of the test on each specimen, the root-mean-square value of force 
was  adjusted t o  give the  desired root-mean-square value of stress and w a s  
held constant during the remainder of the t e s t .  

For the type of 
A t  the 

A t  the  start of each tes t ,  
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45-second samples of the  force and s t r e s s  s ignals  w e r e  recorded on m a g -  
netic tape and the  root-mean-square values were read. 
tinued u n t i l  complete f a i l u r e  of the specimen took place.  The time t o  
f a i lu re  w a s  then recorded. 

The tes t  w a s  con- 

Constant-amplitude loading.- For the experimental invest igat ion w i t h  
constant-amplitude loading, the load w a s  applied s inusoidal ly  a t  30 cps 
by the cantilever-sheet bending machine described i n  reference 10 and 
shown i n  figure 4. 
i n  the  gr ips ,  and the  machine attachment prevented the  appl icat ion of 
to rs iona l  and longi tudinal  loads t o  the specimen. The root-mean-square 
value of the  strain-gage output w a s  measured w i t h  the equipment i l l u s -  
t ra ted  i n  figure 2(b) .  

As i n  the  random-load tests, p l a s t i c  shims were used 

Tests were performed on 75 specimens a t  various s t r e s s  amplitudes and 
Each specimen w a s  t es ted  t o  f a i l u r e  a t  a constant value zero m e a n  s t r e s s .  

of s t r e s s  amplitude. 

Calculation of Stresses  From Measured St ra ins  

The stress i n  each specimen w a s  obtained from the output of a w i r e -  
resistance s t r a i n  gage mounted at the  notched sect ion of the  specimen. 
(See f ig .  1.) 
t o  obtain a s t a t i c  s t ress -ca l ibra t ion  f ac to r  which r e l a t e s  the s t ra in-  
gage-bridge output t o  the calculated surface bending stress a t  the notched 
cross sect ion.  The surface bending stress w a s  based on beam propert ies  
a t  the  notch and the e f f e c t  of stress concentration w a s  neglected i n  the 
calculation. For the  fat igue tests, the stress ca l ibra t ion  fac tor  w a s  
used t o  obtain root-mean-square values of nominal stress from the meas- 
ured root-mean-square value of t he  bridge output. 

As i n  reference 10, the specimen w a s  s t a t i c a l l y  ca l ibra ted  

?SSLI!X'S AND DISCUSSION 

St ress  Response f o r  Random Loading 

The charac te r i s t ics  of t he  force input and s t r e s s  output are shown 
in f igure  5 .  
shown i n  f igure 5(a) f o r  a specimen t e s t ed  a t  a root-mean-square stress 
of 7,800 p s i .  
t o  the  vibrat ing system, t h a t  is ,  the  force applied t o  the  shaker dr ive 
co i l .  The corresponding power spectra  a re  shown i n  f igure  5(b) f o r  the 
force s igna l  and i n  f igure  5 (c )  f o r  the  stress Signal; the  magnitudes are 
given on logarithmic v e r t i c a l  scales .  

One-second records of the force and stress h i s t o r i e s  a re  

The force shown i n  t h i s  figure i s  the input force applied 
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The power spectrum of the s t r e s s  response presented i n  f igure  5 ( c )  
shows t h a t  the  specimen responds only t o  frequency components near i t s  
own na tura l  frequency, even though the power spectrum of the force input 
covered a much wider frequency range. (See f i g .  5(b)  .) 
a lso  observed from the  stress h is tory  of figure 5(a),  i n  which the  stress 
has e s sen t i a l ly  a constant frequency and a variable amplitude. 
thus represents the  response of a l i gh t ly  damped vibrat ing system t o  a 
force input which has a reasonably f l a t  spectrum i n  the v i c i n i t y  of the  
na tu ra l  frequency of the vibrat ing system and no large peaks i n  the  other 
frequency ranges. 

This f a c t  i s  

The s t r e s s  

In order t o  check the  probabi l i ty  d is t r ibu t ion  of the  s t r e s s ,  an 
electronic  counter was  used t o  count the number of t i m e s  i n  10 seconds 
t h a t  t he  stress crossed various thresholds of s t r e s s  with posi t ive slope.  
For example, the  r e su l t s  f o r  two root-mean-square s t r e s s  leve ls  are  given 
by the  tes t  points of figure 6. Each t e s t  point represents the  average 
of f i v e  readings and gives the average number of t i m e s  per second t h a t  
t he  stress passes through the value given by the  abscissa with pos i t ive  
slope.  
too short  f o r  the measurements t o  be made on the stress s igna l  i t se l f ;  
therefore,  these measured values were obtained from the magnetic recording 
of the  stress s ignal .  For a stress response of a l i g h t l y  damped vibrat ing 
system t o  a f l a t  spectrum of force input i n  which the process i s  Gaussian, 
the  curve of f igure  6 shows the  expected number of times per second t h a t  
the  stress w i l l  pass through a given value with posi t ive slope. The 
experimental r e s u l t s  agree w e l l  with the  curve f o r  a Gaussian d is t r ibu-  
t ion;  therefore,  the  probabi l i ty  d is t r ibu t ion  of t he  stress f o r  the  
experimental r e s u l t s  w a s  considered t o  be nearly Gaussian. 

For the  higher root-mean-square stress l e v e l  the fa t igue  l i f e  w a s  

Test Results 

The r e s u l t s  f o r  the  145 random-loading t e s t s  are given i n  figure 7 
i n  terms of t h e  quant i t ies  measured i n  the t e s t ,  t h a t  is, the root-mean- 
square nominal s t r e s s  and the  t i m e  t o  f a i lu re .  Fatigue l i f e  i s  a l so  indi-  
cated i n  terms of an equivalent number of cycles t o  failure, obtained by 
multiplying the  t i m e  t o  failure by the natural  frequency (123 cps) .  
shown i n  t h i s  figure i s  a mean curve drawn through the  test points .  

Also 

The r e s u l t s  of the  75 constant-amplitude-loading t e s t s  are given i n  
figure 8, i n  which the  fatigue l i f e  i s  shown as a function of nominal 
stress amplitude. Fatigue l i f e  is  shown i n  terms of the  number of cycles 
of stress reversals  f o r  failure and a l so  i n  terms of an equivalent t i m e  
t o  failure, which i s  the  quotient of the  number of cycles and the  na tura l  
frequency (I23 cps) .  
through the  t e s t  points.  The maximum s t resses  were l imited by the  capac- 
i t y  of the t e s t i n g  machine; however, information at  the  higher s t r e s s  
l eve l s  w a s  needed for use i n  theore t ica l  calculations.  The extrapolated 

The so l id  curve on t h i s  f igure i s  a mean curve drawn 
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portion of the curve of figure 8 was guided by fatigue results of other 
notched specimens of 4130 normalized steel (for example, ref. 12). 

In both sets of tests, the fatigue cracks originated at the corners 
of the cross section and grew inwardly until complete failure of the 
specimen. There were indications of the initiation of cracks before 
half the total time to failure. 

Theoretical Results 

The stresses in the present random-loading investigation consist of 
the response of a lightly damped vibration system to a random loading 
that has a reasonably flat frequency spectrum which encompasses a natural 
frequency of the system. 
time to failure was presented in reference 10. 
the theory of reference 13, the assumption is made that Miner's rule 
(ref. 11) for linear cumulative damage applies. 
failure tf 

mean-square value of the peak stresses 

A method .for the calculation of the probable 
In this method, based on 

The probable time to 
is given by the following equation as a function of the root- 

tf = 

in which 

r 

1 - 1  
d f 

L J 

In these equations fo is the resonant frequency of the vibrating 
q-s+ernl, N(u)  

with an amplitude u, and !a' is the root-mean-square stress. The 
probable time to failure is expressed in terms of tne roct-mean-square 
value of the peak stresses instead of the root-mean-square stress, since 
the fatigue damage of a cycle of stress is generally considered t o  depend 
on stress amplitude rather than on the shape of the stress cycle. 

is the number of cycles to failure for stress reversals 
.- 

For the configuration under consideration in this investigation, 
fo = 123 cps and N ( u )  
Equation (1) is integrated numerically for the probable time to failure 

is obtained from the mean S-N curve of figure 8. 

for various values of i7. These results are shown by the long- and 
short-dashed curve of figure 9. 
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Comparison of R e s u l t s  

A summary of the  fat igue r e su l t s  obtained i n  t h i s  invest igat ion i s  
given i n  f igure  9,  where the root-mean-square value of the peak nominal 
bending stresses i s  p lo t ted  against  fa t igue l i f e .  
t h a t  the nominal bending s t r e s s  ignores the e f f e c t s  of s t r e s s  concen- 
t r a t i o n .  Furthermore, the root-mean-square value of the  peak stresses 
f o r  constant-amplitude loading corresponds t o  the ac tua l  peak value and, 
f o r  random loading, i s  52 times t h e  root-mean-square s t r e s s  l eve l .  
(See eq. (2 ) . )  
number of cycles t o  f a i l u r e .  

It should be recal led 

Fatigue l i f e  i s  indicated both by time t o  f a i l u r e  and 

The sol id- l ine curve is  the mean curve through the experimental 
r e s u l t s  of f igure  7 f o r  random loading; the dashed-line curve i s  the 
mean curve through the experimental r e su l t s  of f igure  8 f o r  constant- 
amplitude loading; and the long- and short-dashed curve shows the 
theo re t i ca l  r e s u l t s  f o r  random loading. 

Comparison of the curves f o r  random loading and f o r  constant- 
amplitude loading shows tha t ,  when compared on the bas is  of the root- 
mean-square value of the peak stresses, the two ty-pes of loading do not 
give equivalent fa t igue  l i v e s  but  that random loading gives a shorter 
fatigue l i f e  than constant-amplitude loading. 
espec ia l ly  a t  the lower stress leve ls ,  i s  the  f a c t  t h a t  the  root-mean- 
square value of the stress peaks f o r  random loading contains the e f f e c t  
of stress cycles which are  below the  fat igue l i m i t  but which do not 
appreciably a f f e c t  the fatigue l i f e  of the specimen. 

One reason f o r  t h i s  r e su l t ,  

Comparison of the  theore t ica l  curve with the  random-loading curve 
shows tha t  the  calculated fat igue l i f e  overestimates the fa t igue  l i f e  
over the  range of stress leve ls  considered. The r a t i o  of predicted t o  
the experimentally obtained fa t igue  l i f e  i s  between 1.3 and 2.0 f o r  
the considered stress leve ls  above @ = 10 k s i  and increases as the 

stress l e v e l  i s  decreased below 10 ks i .  A s imilar  trend f o r  values of 
the r a t i o  w a s  found i n  reference 9 f o r  2024-T4 aluminum al loy,  but a 
d i f fe ren t  t rend w a s  observed i n  reference 10 f o r  7073-6  aluminum a l loy  
i n  which the r a t i o  i s  less than uni ty  f o r  the  high stress l eve l s  and 
approaches uni ty  f o r  the lower stress values. Since the  theore t ica l  
r e s u l t s  were  obtained by use of Miner's rule  f o r  cumulative damage, the 
comparison between experimental and theore t ica l  r e s u l t s  can a l so  be given 

i n  terms of t he  summation of cycle r a t i o s  I:, i n  which n i s  the number 

of cycles applied a t  a given s t r e s s  l e v e l  and 
cycles t o  failure a t  t h i s  leve l .  
predicted t o  the experimentally obtained fatigue l i f e  is  equivalent 

N i s  the number of 
The reciprocal of the  r a t i o  of the 
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to 1; and thus for the present investigation I;< 1. These results 
are in agreement with the results of several investigations in which 
variable-amplitude fatigue tests were performed at zero mean stress under 
various programs of loading which approximate various random loadings. 

In each of these investigations 1; was found to be less than unity for 
the majority of tests performed. The materials included in these investi- 
gations were ASTM designation A-7 steel (ref. 3 ) ,  SAE 4340 steel (ref. 7), 
2024 aluminum alloy (refs . 2, 5, 6, and 7), and 7075 a,luminum alloy 
(refs. 2, 4, and 5). 

CONCLUSIONS 

Fatigue tests were made on 145 notched cantilever-beam specimens of 
SAE 4130 normalized steel under random loading. 
for 75 similar specimens under constant-amplitude loadings. Comparison 
of the two sets of results on the basis of root-mean-square value of the 
peak nominal stress shows that the two types of loading do not give equiv- 
alent fatigue lives but that random loading produces fatigue failure in a 
shorter time. A theoretical calculation based on Miner's cumulative dam- 
age criterion overestimated the fatigue life over the range of stresses 
considered. In previous random-load investigations, a similar result had 
been found for 202LT4 aluminum alloy but a different result had been 
found for 7075-T6 aluminum alloy in which the calculated time to failure 
underestimated the time to failure at the high stress levels and predicted 
the time to failure fairly well at the low stress levels. 
between the experimental and the theoretical results was made on the basis 
of I:, where n is the number of cycles at a given stress level and 

Results were also obtained 

Comparison 

- 
N the number of cycles to failure. This comparison shows that Li < 1 

for the present investigation is in agreement with the results of several 
fatigue investigations of various materials under programed stresses of 
variable-amplitude and zero mean stress. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va., November 25, 1960. 
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Baldwin S R - 4  
strain gage (E  x 7 )  5 1  

R=0.005& 0.001 

f 

Figure 1.- T e s t  specimen. All dimensions a r e  i n  inches. 
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Tape - Timer 
recorder 

Specimen 

(a) Force-application equipment. 

Discriminator - 

Force 
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Thermocouple 
voltmeter 

' Strain gage Amplifier - 
bridge 

Tape 
recorder 

- 

signa I -/ Cathode-ray 
osci I logroph 

(b)  Data-measuring equipment. 

Figure 2.- Schematic diagram of t e s t  equipment. 



L-57-4373 
Figure 3.- Specimen mounted in shaker for random-loading t e s t s .  
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(a) Time h i s t o r i e s  of force input and stress output. 
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Frequency, cps Frequency, cps 

(b) Power spectrum of force ( c )  Power spectrum of s t r e s s  
input.  output. 

Figure 5.- Random-loading charac te r i s t ics  of force input and stress 
output f o r  a typ ica l  specimen. 
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Figure 6.- Average number of times per second that the stress crosses the 
stress level u with positive slope for two values of root-mean-square 

stress e. (Measured values obtained from strain signal for E= 
6,470 psi and from playback of magnetic recording of strain signal for - Ja = 29,000 psi.) 
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Figure 7.- Fatigue results of random-loading tests. 
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Figure 8.- Fatigue r e su l t s  of constant-amplitude-loading tes ts .  
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Figure 9.- Comparison of fatigue results of random-loading tests with 
fatigue results of constant-amplitude-loading tests and with theoret- 

ical results. ap2 = Root-mean-square value of peak nominal stress. \I- 
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